Abstract In this paper, we used the concept of (L, M)-fuzzy remote neighborhood system to study and establish the convergence theory of molecular nets. Next, we introduce the T i -axioms (i = À1, 0, 1, 2) in (L, M)-fuzzy topological molecular lattices, and discuss some of their characterizations. Finally, we show that the T i -axioms (i = À1, 0, 1, 2) are preserved under homeomorphisms.
Introduction
In 1968, Chang [4] introduced the concept fuzzy theory into topology. In a Chang's fuzzy topology, the open sets are fuzzy, but the topology comprising those open sets is a crisp subset of the I = [0, 1]-powerset I X . The notion of Chang's fuzzy topology was generalized to L-fuzzy setting by Goguen [9] , which is now called L-topology. However, in a completely different direction, Ho¨hle [11, 12] presented the notion of a fuzzy topology being viewed as an L-subset of a powerset 2 X . Ying [21] studied Ho¨hle's topology from a logical point of view and called it fuzzifying topology. S˘ostak [18] independently extended Ho¨hle's fuzzy topology to I-subsets of I X . In some cases, it seems reasonable to allow different lattices for domain and co-domains of s:L X fi L, respectively L and M, thus coming to the concept of an M-valued L-fuzzy topology on X (or an (L, M)-fuzzy topology on X for short), as a mapping s : L X fi M subjected to certain axioms. In [7] , the author introduced and studied the concept of L-fuzzy frames (or pointless L-fuzzy topology) as a generalization of both L-fuzzy topology and L-fuzzifying topology. In [8] , he introduced and studied the concepts of separation axioms and compactness for L-fuzzy frames.
In 1992, Wang [19] introduced topological molecular lattices (briefly, TML) by the tool of remote neighborhood and established the theory of remote neighborhood systems, which played important role in TML. Topological molecular lattices are categorically isomorphic to singleton topological spaces in which the base lattice changes with each other space, a category part of larger category of variable-basis topology (or point-set lattice-theoretic topology) in the sense of Rodabaugh [16, 15] . On the other hand, certain lattice-theoretic aspects of general topology and L-topology viewed co-topologically are captured by TML. So TML is an important categories in L-topology.
Convergence theory of nets or filters provides a good tool for interpreting topological structures and thus plays an important role in topology. In the classical situation, there is a close relation between topological and convergence structures. In the fuzzy setting, there are many kinds of convergence in terms of molecular nets which can be used in L-topologies and topological molecular lattices (see [1] [2] [3] 5, 6, 10, 13, 17, 20] ).
In [22] , Yue and Fang introduced Wang's TML in a Kubiak-S˘ostak sense (named fuzzy topological molecular lattice, briefly, FTML) and gave several categories to characterize this extension of TML.
In this paper, we aim to use the concept of (L, M)-fuzzy remote neighborhood system to introduce and study the convergence theory of molecular nets in (L, M)-fuzzy topological molecular lattices. Next, we introduce the T i -axioms (i = À1, 0, 1, 2) in (L, M)-fuzzy topological molecular lattices and discuss some of their characterizations.
Preliminaries
Let a, b be elements in a complete lattice L. An element a 2 L is said to be Ú-irreducible if a 6 b Ú c implies that a 6 b or a 6 c. The set of all non-zero Ú-irreducible elements of L are called molecules and denoted by J(L). Let e 2 J(L) and eOEa denote the set {b 2 L:e i b, b P a}. Throughout this paper, L (resp., M) is always a completely distributive lattice with an order-reversing involution 0 (resp., *). Recall that an order-reversing involution 0 on L is a self-map on L such that for any a, b 2 L, the following conditions hold:(1) a 6 b implies b 0 6 a 0 ; (2) a 00 = a. The following properties hold for any subset {a i :i 2 I}˝L (resp., {b i :i 2 I}˝M):
In general topology, the concept of neighborhood system used to characterize the topology. It is known that the general neighborhood system is not suitable for fuzzy setting. Pu and Liu [14] introduced the theory of quasi-coincident neighborhood system in L-topology. Wang [19] gave the dual concept remote neighborhood system in TML. From then on, the quasi-coincident neighborhood system and remote neighborhood system are the most ideal neighborhood system in L-topology and TML, respectively. In [22] , Yue and Fang gave the corresponding fuzzy remote neighborhood system in FTML and studied the connections between fuzzy co-topologies and fuzzy remote neighborhood systems. Definition 2.2 [22] . Let L and M be be completely distributive lattices. An (L, M)-fuzzy co-topology is a mapping g:L fi M such that
If g is an (L, M) fuzzy co-topology, then we say that the triple (L, M, g) is an (L, M)-fuzzy topological molecular lattice. The value g(u) can be interpreted as the degree of closeness of
The category of (L, M)-fuzzy topological molecular lattices and their continuous maps, denoted by (L, M)-FTML.
Definition 2.5 [22] . An (L,M)-fuzzy remote neighborhood system is a set R ¼ fR e : e 2 JðLÞg of mappings R e :L fi M such that
The triple ðL; M; RÞ is called an (L, M)-fuzzy remote neighborhood spaces. R will be called topological fuzzy remote neighborhood spaces if it also satisfies the following equation:
A continuous map between (topological) (L, M)-fuzzy remote neighborhood spaces ðL 1 ; M; RÞ and ðL 2 ; M;
The category of (L, M)-fuzzy remote neighborhood spaces and their continuous maps is denoted by (L, M)-FRNS, and the full subcategory of (L, M)-FRNS consisting of topological fuzzy remote neighborhood spaces is denoted
is an (L, M)-fuzzy co-topology [22] , called the induced (L, M)-fuzzy co-topology by R = {R e OEe 2 J(L)}.
Convergence of molecular nets
For a directed set D, a map S : D ! JðLÞ is said to be a molecular net and denoted by S ¼ fSðnÞ : n 2 Dg. Molecular net S is said to be in A if 8n 2 D; SðnÞ 6 A. We use NðLÞ to denote the set of all molecular nets in L. A molecular net T : E ! JðLÞ is called a sub-net of S : D ! JðLÞ (in symbol T 6 S), if there exists a map h:E fi D such that T ¼ S h and for any d 2 D, there exists an e 2 E such that h(e) P d. A molecular net S is said to be frequently in A, if for any n 2 D, there exists an n 0 2 D such that n 6 n 0 and Sðn 0 Þ 6 A. A molecular net S is said to be eventually in A, if there exists n 2 D such that if n 0 2 D, n 6 n 0 and Sðn 0 Þ 6 A. For a GOH map f:L 1 fi L 2 and molecular net S, put f S ¼ ðfðSðnÞÞ : n 2 DÞ, then f S ia a molecular net in L 2 . The value limðS; eÞ (resp., adhðS; eÞ) can be considered as the degree of e 2 J(L) to be a limit (resp., cluster) point of S : D ! JðLÞ. Similarly, one can prove (2). h (1) limðS; dÞ P limðS; eÞ; (2) adhðS; dÞ P adhðS; eÞ.
Proof 
and T be a sub-net of a molecular net S. Then, the following statements are valid:
(1) limðS; eÞ 6 limðT; eÞ.
(2) adhðT; eÞ 6 adhðS; eÞ.
Proof. We prove only the first one, and the second one can be proven similarly. Let T be a sub-net of a molecular net S. If T is eventually in A, then S is eventually in A. Therefore, 
S is a molecular net in L 1 and e 2 J(L 1 ). If fðSÞ is eventually in A, then S is eventually in f J (A). According to the continuity of f, we know that, "A 2 L 2 , R f(e) (A) 6 R e (f J (A)). Thus, Conversely, assume that the function f:(L 1 , M, g 1 ) fi (L 2 , M, g 2 ) is continuous and limðS; eÞ P limðfðSÞ; fðeÞÞ for a molecular net S and e 2 J(L 1 ). Since the continuity of f:(L 1 , M, g 1 ) fi (L 2 , M, g 2 ) is equivalent to the continuity of f : 
As to (FCT 3 ) :
For A 2 L, the following statements hold.
Proof. We only prove (3) and the others can be obtained in a similar way and omitted.
Let a, b 2 L, with a i b, we have that aOE A = a * i b * = bOE A and G 2 L. Set H = GOE A . Then, by the statement gðlÞ 6 V G2L;Gj A ¼H gðHÞ ¼ gj A ðHÞ, we have that
Proof. We only prove (4) and the other can be obtained in a similar way.
, is a GOH homeomorphism, then f J is continuous and therefore 
On the other hand, let T 2 (L 2 , M, g 2 ) > a, then there exist P, Q 2 L 2 with P Ú Q = 1 such that From the fact that f
and this complete the proof. h
Now, we will introduce the relation between the degree of Hausdorffness and the limit uniqueness of molecular nets. 2 JðLÞ; a^b ¼ 0g: and this means that
From arbitrariness of a, we have Thus, the conclusion. h
Conclusion
In this paper, we presented a theory of convergence of molecular nets in (L, M)-fuzzy topological molecular lattices of Yue and Fang [22] . Also, we investigated the separation axioms T À1 , T 0 , T 1 , and T 2 in (L, M)-fuzzy topological molecular lattices. And as application, we investigated the relationship between the theory of convergence of molecular nets and the continuity of generalized order-homomorphism and we concluded by introducing the relationship between the degree of Hausdorffness and the limit uniqueness of molecular nets.
